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Abstract 
A finite sequence d: d1, d2, d3, . . . . , dn of nonnegative integers is said to be graphical if there exists some finite simple graph G, 
having vertex set V={v1, v2, v3, …. , vn} such that each vi has degree di (1 ≤ i ≤ n). In this paper we have proposed an algorithm 
that takes a non-increasing sequence as input and determines whether the given degree sequence is graphic by constructing the 
adjacency matrix from the given sequence in non-increasing order and checking whether it can be orthogonally diagonalizable. 
The matrix generated in this process can be used to determine a lot of interesting information regarding the characteristic of the 
graph directly from the given degree sequence. 
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1. Introduction 
A finite sequence d: d1, d2, d3, . . . . , dn of nonnegative integers is said to be graphical if there exists some finite 
simple graph G, having vertex set V={v1, v2, v3, …. , vn} such that each vi has degree di (1 ≤ i ≤ n). Although it is 
quite easy to determine the degree sequence of a given graph, the converse procedure that is to determine whether a 
given degree sequence is graphical, is potentially difficult. This problem is closely linked with the other branches of 
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combinatorial analysis such as threshold logic, integer matrices, enumeration theory, etc. The problem also has a 
wide range of application in communication networks, structural reliability, stereochemistry, etc. 
In 1874, A. Cayley, while looking at the saturation of hydrocarbons considered the problem of enumerating the 
realizations of the sequence of the form ( 4x, 12x+2 ) thereby identifying the problem for the first time. The first 
known solutions were proposed independently by Havel [1] and Hakimi [2] in the mid 20th century. Although they 
provided separate proofs yet their work is jointly known as the Havel-Hakimi theorem. 
Two necessary conditions for a sequence to be graphical are: (1) di < n for each i, and (2) σ ݀௜௡௜ୀଵ  is even. 
However none of these are sufficient condition for the sequence to be graphic. With the advancement of discrete 
mathematics and linear algebra, various reputed sufficient conditions were discovered. Authors like Erdὅs and Gallai 
[3], Ryser [4], Berge [5], Fulkerson, Hofman and McAndrew [6], Bollob ƴܽ s [7], Grὔnbaum [8] and Hässelbarth [9] 
independently proposed the sufficient condition for a degree sequence to be graphic. A good number of survey 
papers regarding the sufficiency criteria are also available. One popular work was due to Sierksma and Hoogeveen 
[10], where they have listed the seven well known characterizations of a degree sequence and their equivalence. 
Many authors came up with alternative proofs and extensions of the existing works. The works of Havel-Hakimi 
were further extended by Kleitman and Wang [14], and that of Erdὅs and Gallai by Eggleton [16] and Tripathi and 
Vijay [11]. Dahl and Flatberg [12] proposed a direct way of obtaining Tripathy and Vijay’s result from a simple 
geometrical observation involving weak majorization. Tripathy and Tyagi [13] provided two elegant proofs of 
Havel-Hakimi and Erdὅs and Gallai. 
In our work, we have proposed a new algorithm that takes a non-increasing sequence as input and constructs the 
adjacency matrix to determine whether a given degree sequence is graphic. We then check whether the constructed 
matrix is orthogonally diagonalizable to determine the realization of the given sequence. The next section gives a 
brief definition of the problem. Section 3 discusses some of the well known existing criteria available. Section 4 
presents the proposed algorithm while Section 5 elaborates the results obtained. We provided a concise conclusion in 
Section 6. 
 
2. Problem Definition 
Let G=(V, E) be a finite simple graph with vertex set V and order n. Let each vertex vi has a degree di where 1 ≤ i 
≤ n. Then the finite sequence d: d1, d2, d3, . . . . , dn of nonnegative integers is called a degree sequence of the graph 
G. The problem statement can be formally stated as follows: 
Given a finite degree sequence d: d1, d2, d3, . . . . , dn of nonnegative integers, whether there exists a graph G of 
order n with vertex set V such that each vertex vi has a degree di where 1 ≤ i ≤ n. 
3. Existing Criteria 
A good number of criteria exist that are sufficient for a degree sequence to be graphic. Here we present some 
popular characterizations that are widely used. The details proof of most of these criteria can be found in [10]. The 
most popular criterion was proposed independently by Havel [1] and Hakimi [2] and is commonly referred to as the 
Havel-Hakimi theorem as stated below. 
 
Theorem Havel-Hakimi (See [1] and [2]). Let d: d1, d2, d3, . . . . , dn be a finite non-decreasing sequence of 
nonnegative integers. Then the sequence is graphic if and only if the sequence d2-1, d3-1, ... , ݀ௗభାଵ -1, ݀ௗభାଶ, ... , dn 
is graphic. 
Another well known criterion due to Erdὅs and Gallai [3] is stated below. 
Theorem Erdὅs and Gallai (See [3]). Let d: d1, d2, d3, . . . . , dn be a finite non-decreasing sequence of 
nonnegative integers. Then the sequence is graphic if and only if  σ ݀௜௡௜ୀଵ  is even and the inequalities σ ݀௜௡௜ୀଵ  ≤s(s-1) 
+ σ ሼݏǡ ݀௜௡௜ୀ௦ାଵ ሽ holds for each s for 1 ≤ s ≤ n. 
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C. Berge [5] proposed a criterion that uses the (0, 1)-matrix, a square matrix of order n, whose diagonal elements 
are all zero and for each k the leading dk terms in row k equal to 1 except for the (k, k)th term that is 0 and also the 
remaining entries are 0. His criterion can be stated as follows: 
The Berge Criterion (See [5]). Define (ď1, ď2,....., ďn) such that ďi represents the ith column sum of the (0, 1)-
matrix obtained from the given degree sequence of length n. Then the sequence is graphic if and only if 
              σ ݀௜௞௜ୀଵ  ≤ σ ®௜௞௜ୀଵ   for each k ϵ ‹n›. 
An important point the Berge criterion is that (0, 1)-matrix that it uses is not an adjacency matrix of the given 
graph because it is generally not symmetric. 
 
4. Proposed Algorithm 
Here we propose an algorithm that determines whether the given degree sequence is graphical by constructing the 
adjacency matrix corresponding to the given degree sequence in non-increasing order. The degree sequence is stored 
in a vector degree[n] of length n. The vector Allocated[n] of length n helps us to determine whether a given position 
in the adjacency matrix can be allocated 1, based on checking the number of positions allocated in the jth column of 
the ith row with respect to the degree of vertex j. The n x n vector Adj[n][n] is the adjacency matrix that we construct 
using the algorithm. Once the entire matrix is constructed, the algorithm then checks whether the resulted matrix is 
orthogonally diagonalizable. The various procedures for checking whether a matrix is orthogonally diagonalizable 
can be found in [17]. The input to the algorithm is the given degree sequence and its output is the decision (i.e. 
graphic or non-graphic). 
 
ALGORITHM-DEGREE-SEQUENCE(d: d1, d2, d3, . . . . , dn) 
 
1   for i ← 1 to n     
 2       Allocated[i] ← 0; 
 3       degree[i] ← di; 
 4    r ← degree[0]; 
 5    sum ← 0, flag ← 0, rflag ← 0; 
 6    for i ← 1 to n     
 7        if degree[i] ≥ n 
 8            return Non-Graphic; 
 9      if degree[i] ≠ r 
10            rflag ← rflag + 1; 
11        sum ← sum + degree[i]; 
12    if sum mod 2 ≠ 0 
13        return Non-Graphic; 
14    if sum mod 2 ≠ 0 and rflag = 0 
15        return Graphic; 
16    for i ← 1 to n     
17        k ← degree[i]; 
18        for j ← 1 to n     
19            if k > 0 
20                if i = j 
21                    Adj[i][j] ← 0 
22                else 
23                    if Allocated[j] < degree[j] 
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24                        Adj[i][j] ← 1; 
25     Allocated[j] ← Allocated[j] + 1; 
26     k ← k – 1; 
27                    else 
28                  Adj[i][j] ← 0; 
29        if k > 0  
30            return Non-Graphic;  
31    if Adj[i][j] orthogonally diagonizable 
32        return Graphic; 
33    else 
34    return Non-Graphic; 
 
The next section analyses the results obtained through this algorithm. 
 
5. Results and Discussions 
The output of the algorithm for certain degree sequences is listed in Table 1 below. 
 
Table 1. Result of the proposed algorithm for given degree sequence and the corresponding output of Havel-Hakimi. 
Degree Sequence Havel-Hakimi Proposed 
Algorithm 
  d1: 5,4,3,3,2,2,2,1,1,1. Graphic Graphic 
  d2: 7,7,4,3,3,3,2,1 Non-Graphic Non-Graphic 
  d3: 5,4,3,2,2 
  d4: 5,4,3,2,2,1 
  d5: 5,5,5,5,5,5 
  d6: 3,3,3,3,3 
  d7: 4,4,4,4,4,4,4 
  d8: 5,3,3,3,3,2,2,2,1 
  d9: 6,3,3,3,3,2,2,2,2,1,1 
d10: 6,5,5,4,3,2,1 
d11: 7,6,5,4,4,3,2,1 
Non-Graphic 
Non-Graphic 
Graphic 
Non-Graphic 
Graphic 
Graphic 
Graphic 
Non-Graphic 
Graphic 
Non-Graphic 
Non-Graphic 
Graphic 
Non-Graphic 
Graphic 
Graphic 
Graphic 
Non-Graphic 
Graphic 
 
In the above table 1, d1, d8, d10, d11 are the degree sequences of simple graph while d2, d9 are not. In d3, the degree 
of the first vertex is equal to the number of vertices in the graph and hence the algorithm rightly declares it as non-
graphic. In d4, the number of odd vertices is odd thereby making the sum of degrees of all vertices odd and hence it 
is non-graphic. The sequence d5 represents a complete graph while d6 and d7 represents regular graphs. However, d6 
is not a graphical sequence of a regular graph because a regular graph of odd order cannot have odd degree while d7 
is graphic as it’s a regular graph of odd order but even degree. 
6. Proposed Algorithm 
The algorithm presented in this paper works well for the degree sequence of all types of graphs. The algorithm 
generates the results by applying some basic criteria and constructing the adjacency matrix. The adjacency matrix 
generated in this process can be further utilized to extract some useful information from the degree sequence like the 
eigen space of a given graphic sequence, connectivity of the graph etc. While the Havel-Hakimi is a recursive 
greedy approach, the proposed algorithm is an iterative one. It can also be applied to various branches of 
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combinatorial analysis and other renowned problems such as communication networks, stereochemistry, etc. Thus 
we can conclude that the proposed algorithm is a good approach to determine whether a given degree sequence is 
graphic. 
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